Abstract. The Mumford-Tate conjecture is first proved for CM abelian varieties by H. Pohlmann [Ann. Math., 1968]. In this note we give another proof of this result and extend it to CM motives.
Introduction
Let A be an abelian variety over a field k, where k is finitely generated over Q and is contained in the field C of complex numbers. The Mumford-Tate group M T (A) of A C := A ⊗ C is defined to be the smallest algebraic Q-subgroup G of GL(V ) such that G(C) contains the image of the Hodge cocharacter µ : C × → GL(V C ), where V := H 1 (A(C), Q) is the first rational homology group of A and V C = V ⊗ C. For any rational prime ℓ, let G A,ℓ denote the algebraic envelope of the associated ℓ-adic Galois representation ρ ℓ : Gal(k/k) → GL(V ℓ (A)),
where V ℓ (A) := T ℓ (A) ⊗ Z ℓ Q ℓ , T ℓ (A) is the ℓ-adic Tate module of A andk is the algebraic closure of k in C. That is, G A,ℓ is the Zariski closure of the image ρ ℓ (Gal(k/k)) in the algebraic Q ℓ -group GL(V ℓ (A)). Let G 0 A,ℓ denote the neutral component of the algebraic group G A,ℓ over Q ℓ .
Under the comparison isomorphism V ℓ := V ⊗ Q ℓ ≃ V ℓ (A) and hence GL(V ) ⊗ Q ℓ being identified with the Q ℓ -group GL(V ℓ (A)), the Mumford-Tate conjecture (MTC) asserts the equality of these two algebraic subgroups
of GL(V ℓ ) for all primes ℓ.
Observe that the group G 0 A,ℓ is unchanged if one replaces the field k by a finitely generated field extension k 1 of k in C. Indeed, as one has the natural identification T ℓ (A ⊗k) = T ℓ (A ⊗k 1 ), the action of the Galois group Gal(k 1 /k 1 ) on the Tate module factors through its quotient Gal(k/k ∩ k 1 ). Therefore, the group G 0 A,ℓ is unchanged if one replaces A by A ⊗ k k 1 since it remains the same after a finite field extension base change. In particular, the MTC does not depend on the choice of the finitely generated field k.
The meaning of the MTC asserts that the algebra of all ℓ-adic Tate cohomology classes (with respect to all finite algebraic extensions of k) on every self-product A m of A coincides with the Q ℓ -algebra generated by Hodge classes of A C . For CM abelian varieties, this statement is proved by H. Pohlmann [9, Theorem 5] and hence the MTC follows.
In this expository article we give another proof of the MTC for abelian varieties of CM type. Observe that both groups concerned are subtori of the algebraic torus associated to the CM field in question (also see Section 2.2). We prove the equality by checking their co-character groups. The proof is based on the Taniyama-Shimura theory of complex multiplication of abelian varieties ( [18] also see [16] and [17] ), which is the same as used in Pohlmann's proof. Therefore, we do not claim any novelty in this expository article. Note that although [9] is the main reference where the first case of MTC is proved, the word "Mumford-Tate" does not appear in the paper. We also found the review article by Ribet [13, p. 216] where he pointed out that this is a corollary of the main theorem of complex multiplication due to Shimura-Taniyama [18] (but without referring to Pohlmann's work). This is indeed the case, and we are simply adding more details to this "corollary" here for the reader's convenience.
The Mumford-Tate conjecture has been verified for a large class of important cases. It is proved by Deligne [4, I. Proposition 6.2] that the inclusion
holds for all primes ℓ. Serre has established several fundamental tools and methods for analyzing ℓ-adic Galois representations (see [15] and references given there). Among other results he [14] proved the MTC for abelian varieties A with Endk(A) = Z and dim A = 2, 6 or odd. Ribet has developed several methods and among other results he proved the MTC for abelian varieties with real multiplication (the generic case); see [10, 11, 12] [19, 20] , Larsen and Pink [8, 6] ).
We remark that the Mumford-Tate group M T (A) is the fundamental group of the Tannakian category generated by the Hodge structure V = H 1 (A C , Q) and the Tate twists Q(1) (see [4] ). Similarly the group G 0 A,ℓ is the fundamental group of the Tannakian category generated by the ρ ℓ (Gal(k/k 1 ))-representation V ℓ (A) and the Tate twist Q ℓ (1), where k 1 is any finite extension of k so that
Thus, the equality (1.1) asserts the equivalence of these two Tannakian categories. Clearly these groups can be defined also for more general projective smooth varieties through the singular cohomology and etale cohomology, and hence the MTC can be formulated for more general varieties even for motives. In the last section, we show how the MTC for CM motives follows from that for CM abelian varieties.
2. Algebraic Tori 2.1. Basic properties of k-tori. Let k be any field of characteristic zero. Let Γ k := Gal(k/k) denote the absolute Galois group of k, wherek is an algebraic closure of k. Let (Diag. groups/k) denote the category of diagonalizable groups over k (see [2] ); this is an abelian category. Let (Tori/k) denote the category of algebraic tori over k; this is a full subcategory of (Diag. groups/k) but not an abelian category. Let (Z[Γ k ]-mod) denote the abelian category of finitely generated Z-modules X together with a continuous action of Γ k (with the discrete topology on X and the Krull topology on Γ k ). Finally let (free Z[Γ k ]-mod) denote the full subcategory consisting of X which are free as Z-modules. To each diagonalizable group D over k, we associate the character group X * (D) and the cocharacter group X * (D) as follows:
These are finitely generated Z-modules equipped with a continuous Γ k -action. We have the following basic results (see [2] ). 
Using this theorem, one obtains the following consequence immediately. A Z-sublattice L of a Z-lattice X is called saturated if the quotient abelian group X/L is torsion-free. For any Z-sublattice L of X there is a unique maximal Z-sublattice L ′ in X of the same rank that contains L; this lattice is saturated and is called the saturation of
Let α : S → T be a homomorphism of algebraic tori overk. We have the induced homomorphisms
given by α * (γ) = α • γ and α * χ = χ • α for γ ∈ X * (S) and χ ∈ X * (T ):
The natural perfect pairing X * (T ) × X * (T ) → Z = End(G m ) is simply the composition χ, γ T = χ • γ. Then we have the adjoint property:
2.2. Algebraic Q-tori. Let Q denote the field of algebraic numbers in C. All number fields considered in this paper are those contained in C. For any number field K, denote by T K = Res K/Q G m,K the associated algebraic Q-torus. Denote by Σ K := Hom Q (K, C) = Hom(K, Q) the set of embeddings of K; it is equipped with the Γ Q -action by σ · φ = σ • φ, where σ ∈ Γ Q and φ ∈ Σ K . We have an isomorphism of Q-algebras:
The projection at the φ-component via the isomorphism c gives a Q-algebra homomorphism
This defines a character and we denote this again by φ ∈ X * (T K ). Clearly Σ K forms a Z-basis for X * (T K ). The action σ φ is defined (as the Galois action on the set of morphisms of varieties over Q) by the commutative diagram
, the free Z-module generated by Σ K , with the Γ Q -action by
It follows that
Let K ⊂ k be two number fields. We have the inclusion
For any subset Φ ⊂ Σ K , we denote by Φ ⊂ Σ k the preimage of this restriction map. One easily checks that the cocharacter groups
The Main Theorem of Complex Multiplication
In this section we describe the main theorem of complex multiplication due to Shimura and Taniyama [18] . Our main reference is Serre and Tate [16] .
3.1. The reflex type norms. Let K be a CM field and Φ ⊂ Σ K be a CM type, i.e. the complement of Φ equals its complex conjugate. Let (A, i) be an abelian variety over a number field k of CM-type (K, Φ). That is,
, and the character of the representation of K on the Lie algebra Lie(A C ) is given by ϕ∈Φ ϕ (In case the action i of K is defined overk instead of k, i.e. i : K → End 0 (A ⊗k), the pair (A, i) is said to be potentially of CM type (K, Φ)). Note that any complex abelian variety of CM type is defined over a number field [18] . Replacing k by a finite extension of k, we assume that k is Galois over Q and contains K. We usually identify K with its image under i, that is, we view i as the inclusion. The endomorphism algebra End 0 k (A) acts on V := H 1 (A(C), Q) so that V becomes a free K-module of rank one. We have the inclusion K ⊂ End(V ) and may regard the algebraic torus T K ⊂ GL(V ) as an algebraic subgroup over Q.
that is, Φ k = Φ with respect to the restriction map
and let E ⊂ Q be the fixed field of H E , the reflex field of the pair (K, Φ). Notice that Σ k = Gal(k/Q) is a group and that the inverse set Φ −1 k is right stable under the subgroup H E . Therefore, the set Φ 
where N k/E is the usual norm map and N ΦE is the reflex norm map defined in the same manner as
Remark that ψ is the same homomorphism constructed by the determinant map using the (K, k)-bimodule structure of the Lie algebra Lie(A/k) of A in Serre and Tate [16, Section 7] . Let (3.3)
be the homomorphisms induced from the morphism ψ : T k → T K by evaluating at Q, Q ℓ and R, respectively, where The next two theorems, due to Serre and Tate [16, Theorems 10 and 11, Section 7] , are reformulation of results of Shimura-Taniyama [18] and Weil [21] . 
3). (b) The homomorphism ε is continuous, in the sense that its kernel is open in
The last condition means that, for v ∈ S one has ε(̟ v ) = π v , where ̟ v is any uniformizer of the completion k v at v, .
Let
be the ℓ-adic Galois representation associated to the Tate module V ℓ (A). As the image of ρ ℓ is contained in K × ℓ , the map ρ ℓ factors through Gal(k ab /k), where k ab is the maximal abelian extension of k. Class field theory allows us to interpret ρ ℓ as a homomorphism 
Proof of MTC for CM abelian varieties
We preserve the notations and hypotheses in the previous section. Let T 0 be the image of the homomorphism ψ : T k → T K . The Mumford-Tate conjecture for the abelian variety (A, i) of CM type, i.e. G 0 A,ℓ = M T (A) ⊗ Q ℓ , will follow from the following two lemmas.
Proof. By Theorem 3.2, the map ρ ℓ agrees with ψ
k , the Zariski closure of the image ρ ℓ (I k ) contains the image of ψ ℓ (as an algebraic Q ℓ -torus), which is T 0 ⊗ Q ℓ . This shows the inclusion
On the other hand, the map ρ ℓ :
where U is the kernel of ε.
By the finiteness of class numbers, the group I k /k × U is finite. Therefore, ρ ℓ has finite image in
We then conclude the equality G Therefore µ = φ∈Φ φ ∨ . As M T (A) is the smallest Q-torus of T K containing the image of µ, its cocharacter group is equal to the saturation of the sublattice
Now we want to determine the image of the map
Note that the map induced by ψ is that induced by the reflex norm
We compute
On the other hand we also have
This proves our claim. It follows from our claim that the torus T 0 corresponds to the saturation of the Z-sublattice
By Corollary 2.2, one has M T (A) = T 0 .
The MTC for CM motives
In this section we extend Pohlmann's theorem to CM motives. It is more convenient to extend the CM field K to a CM algebra, that is, a product of CM fields. We consider abelian varieties of CM type (K, Φ), where K is a CM algebra and Φ is a CM type. As the base field k does not play a role in the MTC, we may assume that it is Galois over Q containing k and that the monodromy group
It is easy to show the MTC for abelian varieties of CM type can be reduced to the case where K is a CM field and thus holds.
By a CM motive we mean a CM motives in André's category of motives with respect to motivated cycles. We refer to [1] or [3] for the formal definition. A result states that every CM motive is a summand of a tensor product of copies of the motive of a abelian variety of CM type (see [7, Proposition 1.1 
]).
Suppose M is a CM motive over a number field k. Then replacing k by a suitable finite extension if necessary, there is an abelian variety of CM type over k so that M is a summand of a tensor product of the motive h(A) of A. As before, let V = H 1 (A C , Q) and we identify V ℓ := V ⊗ Q ℓ with V ℓ (A). Write V (m, n, r) = V ⊗m ⊗ QV ⊗n ⊗ Q Q(r) and V ℓ (m, n, r) = V ⊗m ℓ
respectively, where m and n are nonnegative integers and r ∈ Z. We have a canonical isomorphism V (m, n, r) ⊗ Q ℓ ≃ V ℓ (m, n, r).
As a remark in the Introduction, the Tannakian category T (V ) generated by the Hodge structure V ⊕ Q(1) is equivalent to the Tannakian category T (V ℓ ) generated by the Q ℓ -representation V ℓ ⊕ Q ℓ (1) of Γ k . As a result, for any Hodge substructure W ⊂ V (m, n, r), the Q ℓ subspace W ⊗ Q ℓ ⊂ V (m, n, r) ≃ V ℓ (m, n, r is stable under the Γ k -action. Conversely any subrepresentation W ℓ of V ℓ (m, n, r) is of the form W ⊗ Q ℓ for a unique Hodge substructure W ⊂ V (m, n, r).
To prove the MTC for the CM motive M , one may show that the Tannakian categories T (M B ) and T (M ℓ ) are equivalent, where M B and M ℓ are the Betti and ℓ-adic realizations of M , respectively. Suppose that W is an object in T (M B ). Then W ⊗ Q ℓ gives an object in T (M ℓ ) since W ⊂ M B (m, n, r) for some integers m, n, r and hence W ⊂ V (m ′ , n ′ , r ′ ) for some other integers m ′ , n ′ , r ′ . Conversely, any object W ℓ ⊂ M ℓ (m, n, r) ⊂ V ℓ (m ′ , n ′ , r ′ ) is of the form W ⊗ Q ℓ for a unique object W ⊂ V (m ′ , n ′ , r ′ ). It follows from the uniqueness that W ⊂ M B (m, n, r). This proves the equivalence of T (M B ) and T (M ℓ ) and hence the MTC for M . The Max-Planck-Institut für Mathematik, Vivatsgasse 7, Bonn, Germany 53111 E-mail address: chiafu@mpim-bonn.mpg.de
